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818. Determine the solution 4 of the following equation (originating from
acoustics)

I »o
h(ty=1— [ 3 a"h(r—n)dr for 1=0

—o n=1

h(it) =0 for + <O.

(S.. RIENSTRA)
Solutions by P.J. VAN ALBADA, J. BOERSMA, A.A. JAGERS, S.W. RIENSTRA.

P.J. vaAN ALBADA and S.W. RIENSTRA verify the right formula for s after a
clever guess. The other two authors use Laplace transform.

SOLUTION by J. BOERSMA.
The equation is solved by Laplace transforms. Introduce

H(s) = E{h(@®)} = 7 h(t)e ~"dr.
0

Then the equation for i (¢) transforms into

Ho =L el oL sl HG)

n=1 s 1—ae s

where the series converges if Re(s) > log|a|. The solution for H(s) is readily
determined and is expanded in a power-series convergent for Re(s) > log|a|:

H(s) = 1—age ™ _ 1 2 ( ),, [a"e ™ —q" e (1Hs)
s—a(s—e™*

To determine %(z), we apply a term-by-term inverse Laplace transformation
using the auxiliary inverse transform

—1,d — 1 —tsy
e e ) = L) U —10). 19=0;

here, U stands for the unit step function defined by U(x)=1 for
x =0, U(x)=0 for x <0 and L, is the n-th Laguerre polynomial defined by

L= 3 (k"

k=0 kv’
cf. [1, Sec. 5.5.2]. As a result we find
h(t)y=3 [a"L,(t —n)U(t —n)—a" "' L(t —n —1)U(t —n —1)]
n=0

=1+ 2 "L, (t —n) — L,_1(t —n)], t = 0.

n=1
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By use of the recurrence relation
X
Lnx) = Ly 1(x) = = Ly (x),

where the (generalized) Laguerre polynomial L{!" | (x) is given by

n—1

k
x
L) = 3 0, g ) 7
the solution for 4 (r) can also be represented by
] 47
h(t) =1- 3 o —m)LY (t —n), 1=0.
n=1

The latter form clearly shows that A (z) is continuous at t =n, n eN.
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